We consider a pair of one-parameter (α) families of generalized two-qubit determinantal HilbertSchmidt probability distributions, p α (|ρ P T |) and q α (|ρ|), where ρ is a 4 × 4 density matrix, ρ P T , its partial transpose, with |ρ P T | ∈ [− 
I. INTRODUCTION
The nature of the boundary between separable and entangled quantum states is a subject of interest in the study of the "geometry of entanglement sudden death" [1, Fig. 1 (ii)]. Our analyses will provide information concerning the density of states in the vicinity of this boundary. Additionally, they suggest a conjecture pertaining to the Fisher information of two pertinent one-parameter families of determinantal probability distributions. Let us now place our study, and the accompanying results, in the context from which they emerged.
Zyczkowski, Horodecki, Sanpera and Lewenstein, in a much cited 1998 article [2] , posed "the question of how many entangled or, respectively, separable states there are in the set of all quantum states". In [3] , we, in essence, provided a "concise" and highly generalized answer-though one still lacking a formal, rigorous demonstation-to this fundamental question in the context of two-qubit systems endowed with Hilbert-Schmidt (Euclidean/flat) measure [4, 5] . The formula-for the Hilbert-Schmidt probability P (α) that a generic 2 × 2 quantum system is separable-that was reported there took the form
where f (α) = P (α) − P (α + 1) = r(α)2 −4α−6 Γ(3α + )Γ(5α + 2) 3Γ(α + 1)Γ(2α + 3)Γ(5α + 
and r(α) = 185000α 5 + 779750α 4 + 1289125α 3 + 1042015α 2 + 410694α + 63000 =
α 5α 25α 2α(740α + 3119) + 10313 + 208403 + 410694 + 63000.
Here α is a Dyson-index-like (random matrix) parameter that takes the value 1 2 for the 9-dimensional two-rebit systems, 1 for the 15-dimensional two-qubit systems, and 2 for the 27-dimensional two-quater(nionic)bit systems,. . . . (We have the relation n = 3 + 12α, where n is the dimensionality of the associated generic generalized 4 × 4 density matrices.)
These separability probabilities were computed-in accordance with the seminal PeresHorodecki results [6, 7] -as the cumulative probabilities over the nonnegative interval |ρ
] of probability distributions p α (|ρ P T |), with |ρ
was employed in a (Mathematica-implemented) Legendre-polynomial-based probabilitydistribution reconstruction procedure of Provost [11] (cf. [12] ).
Other than the separability probabilities given by the concise formula (1)-(3) for each value of α, however, nothing additional appears to be specifically known about the α-parameterized family of probability distributions over [− ], which we denote as
1 is a plot of this family, estimated on the basis of the first 245 HilbertSchmidt moments (4) of |ρ P T |.)
We have, thus, engaged in a research program intended to increase our knowledge of these probability distributions, which are of clear major quantum-information-theoretic interest.
Our long-range goal is to fully characterize them-that is, develop explicit formulas, if possible. From such formulas, one should then be able to derive/confirm the already-reported separability probabilities [3] as the cumulative probabilities of p α (|ρ
].
Let us observe that twice the fourth root of the absolute value of the determinant |ρ P T | is a two-qubit "monotone under pure local operations preserving dimensions and classical communication and provides tight upper and lower bounds on concurrence" [13, eq. (5)].
(If |ρ P T | ≥ 0, this "determinant-based measure" is taken to be zero.)
Possibly the most natural additional question to be first addressed is what is the value of the "y-intercept" of the probability distribution-that is the value the curve/function attains at |ρ P T | = 0 (the separability-entanglement boundary). Such analyses would appear to be of relevance-among other areas-in studying the geometry of entanglement sudden death [1, 14] .
To begin, we estimated the y-intercepts jointly for the seventy integral and half-integral
, . . . 35, using the corresponding first 3,000 moments of |ρ
given by (4)-in the Legendre-polynomial probability-distribution reconstruction procedure [11] . The logs of these seventy estimates are displayed in Fig. 2. (A least-squares fit to this highly linear plot is provided by 7.35633 − 0.823151α.)
Further, in Fig. 3 , we show the analogous plot (exhibiting interesting non-monotonic behavior), based now on the estimated probability distribution of |ρ||ρ P T | over the interval were utilized in the reconstruction procedure. Rates of convergence are much slower in this "balanced" moment case than in the previous "unbalanced" case, so our further analyses here will fully focus on the unbalanced instance.
In Table I we give some of our early estimates for the y-intercepts (p α (0)) as a function of α-and, in some cases, advance apparently exact rational values for them. We are strongly confident-based on still further systematic computations with greater than 10,000 momentsin knowing the exact values for α = 2, . . . , 46. Nevertheless, Mathematica has not yielded an explanatory formula-as it accomplished in the separability-probability analysis with α = 1, . . . , 28. Interestingly, most of the prime factors of the denominators of these exact results are the same as the prime factors of the already-reported corresponding exact separability probabilities. By way of illustration, the denominator of p 12 (0) ( Table I) is 3 2 · 79 · 83 · 89 · 97 · 101 · 103 · 107 · 109 · 113, while that of the separability probability for α = 12 is identical to this, but for the replacement of 3 2 by 3 · 11 2 . The largest prime factors of p α (0) never exceed those of the corresponding separability probabilities, and can, on occasion, be less.
Rates of convergence markedly increase as α itself increases, being weakest, unfortunately, in two (two-rebit and two-qubit) instances of immediate interest, α = 
FIG. 5:
Estimates-as a function of the numbers (greater than 10,000) of moments employed-of the two-qubit probability density p 1 (0). At the final (11,445th) iteration recorded, the estimate is 389.99611337, while at the 11,440th iteration it was slightly less, 389.99611028.
gence properties in these cases (α = 1 2 , 1) than the Legendre-polynomial-based procedure we have so far employed. However, our attempts to pursue such a course seemed to yield rather unstable estimates. The Legendre-based procedure starts with a uniform baseline density, while the Jacobi-based method commences with a beta distribution fitted to the first two moments.)
In Fig. 4 , we show the estimates of the two-rebit density p 1 2 (0) as a function of the number of moments employed in the inversion procedure. In Figs. 5 and 6 , we show the estimates of the two-qubit density p 1 (0) and two-quaterbit density p 2 (0) as a function of the number of moments exceeding 10,000 employed. In Fig. 7 , we show the estimates of the generalized of the generalized two-qubit probability density for α = 3. At the final (8,400th) iteration recorded, the estimate is -289597.1343229, while at the 8,300th iteration it was slightly less, -289597.1343453.
one had in addition to the exact value of p α (0), derivatives of higher order of p α (|ρ P T |) at |ρ P T | = 0, one could attempt a Taylor series expansion about that distinguished point. However, in practical terms, rates of convergence of estimates-using the Legendre-polynomial reconstruction procedure [11] -become increasingly slow as the order of the derivative increases (cf. [12] ). (Therefore, at the present stage of analysis, we are unable to advance any possible, plausible candidates for exact values for these derivatives.)
In Table II , we list some estimates we have obtained of the first derivative, p α (0), for various values of α. We do note that these values are all negative (decreasingly so as α increases), with the exception of the generic 9-dimensional two-rebit and 15-dimensional two-qubit cases, α = 1 2 a Digits to the right of the decimal point are reported to the extent they have remained unchanged after the incorporation of the last one hundred moments. If no such digits are given, simply the integral part of the last estimate obtained is presented. other reason than that we have been predominantly concerned with the integral cases). 
III. FISHER INFORMATION EQUALITY CONJECTURE
The probability distributions p α (|ρ P T |), discussed above, form a one-parameter familyparameterized, obviously, by α. Therefore, we can inquire as to the Fisher information [15] of this family. In Fig. 12 , we plot our estimates of this quantity using the Legendre-polynomial probability distribution reconstruction procedure [11] based on the first 245 Hilbert-Schmidt α-specific moments (4) of |ρ P T |. One can, thus, conceive of a scenario in which one obtains a stream of determinants of random (with respect to Hilbert-Schmidt measure) partially transposed 4 × 4 density matrices (|ρ P T |). Then, employing the Fisher information (Fig. 12) as a prior distribution over the Dyson-index-like parameter α, one can derive-making use of Bayes' Theorem in conjunction with formulas for p α (|ρ P T |)-a posterior distribution over α (cf. [16] ). (The extensive, diverse analyses reported in the treatise "Science from Fisher
Information" [15] are concerned primarily with families of translation-invariant probability distributions-which clearly the family p α (|ρ P T |) is not.) In Fig. 13 we show a plot comparable to Fig. 1 , but now not employing the Hilbert-Schmidt moments of |ρ P T |, given by (4), but rather the Hilbert-Schmidt moments of |ρ| [17, sec. III, Fig. 3 ] (using Pochhammer symbol notation)
determining a one-parameter family of probability distributions q α (|ρ|) over |ρ| ∈ [0, , 1, . . . 8-used in the two plots is remarkably high, 0.994524.) Since the "balanced" set of moments (5) are in some sense "intermediate" between the moments of these two probability distributions ((4), (6)), one might also further speculate that the associated Fisher information is identical to the hypothesized other two as well.
If we turn from the Hilbert-Schmidt measure [4, 5] to the Bures measure [5, 18] over the 
Our (Mathematica) estimate of the Hilbert-Schmidt Fisher information for the family q α (|ρ|) at α = 
